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Japan
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Abstract. A new class of coupled soliton equations in 2+ 1 dimensions is proposed. They
describe the interactions of a wavepacket of short waves with a single long wave on the
xy plane. The N-soliton solutions of the equations are obtained explicitly. The proposed
system of equations is also shown to include, as special cases, various known physical
equations, indicating that the system is relevant to describe physical systems and may have
wide applications in hydrodynamics and plasma physics, etc.

In this letter, we propose the following new class of soliton equations in two spatial
and one temporal i.e. (2+1) dimensions

(ut+6uux+uxxx)x_3uyy= _J dk V(ka t)(l‘blz)xx (l)

i}, = ¢xx + ud (2)

where u = u(x, y, t) and ¢ = ¢(x, y, t; k) are assumed to be real and complex functions
respectively; k is a real parameter and »(k, t) is a given real function. The subscripts
appended to u and ¢ denote partial differentiation. Physically, the above system of
equations describes the interaction of a wavepacket of short waves ¢ with a single
long wave u on the xy plane. The integral over k in (1) represents the effect of a
wavepacket. Since when ¢ =0, (1) and (2) reduce to the Kadomtsev-Petviashvili (kp)
equation, we call it the kP equation with a source. Qur system reproduces various
known physical systems under suitable conditions. For instance, if we consider a single
short wave instead of a wavepacket, i.e. v(k, t) = k8(k — k;), we recover the Mel’nikov
equation [1-3]. Also neglecting the y-dependence, it reduces to the Korteweg-de Vries
(kDV) equation with a source [4-6]. These facts show that the system (1) and (2) is
relevant to describe physical systems and may have wide applications in various fields
of hydrodynamics and plasma physics, etc.

The purpose of the present letter is to solve (1) and (2) under the following boundary
conditions:

u->0 as [x]-> 00 with fixed y (3)
& > do(k, t) expli(kx + k*y)] as X~ —00 (4)

where ¢, is a given function of k and ¢. The boundary condition (4) implies that the
source is situated at infinity. Although one can consider more general initial-boundary
value problems, this difficult subject will be treated elsewhere and we shall be concerned
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with constructing soliton solutions. The method of solution employed here is the
so-called bilinear transformation method [7, 8].

Let us now seek solutions. For the purpose, we introduce the dependent variable
transformations

u=2(lan)xx (5)
¢ = ¢o expli(kx +k’y)lgn/fn (6)

where fy(gn) is a real (complex) function. Substitution of (5) and (6) into (1) and
(2) yields the following bilinear equations for fy and gu:

(DIDX_3Di+Di)fN'fN = _J‘ dk V|¢o|2(|gN|2"f12v) (7)
DygN'fN=(Di+2ika)gN'fN- (8)
Here, the bilinear operators D,, D, and D, are defined by
! m
L ] a) (a a) (a )
g f=l=-=)l=--=) | =) gs, r : 9
piprDig-s=(2-2) (£-% praeee) ECESOVCESY ©)

">1-.
IIIIH

r
x
Y

It should be emphasized that (7) is a new type of bilinear equation because of the
presence of the k integral on the right-hand side of (7) and this makes the analysis
more complicated than that of the usual system of bilinear equations. Nevertheless,
following the procedure of the bilinear transformation method [7, 8], we have found
the N-soliton solutions of (7) and (8) as follows:

N
fn= exP(Z wm; + ) Mj#kAjk) (10)
u=0,1 ji=1 1sj<k=N
=X eXP(Z wi(m+ie)+ % uijAjk) (11)
u=0,1 tsj<ksN
with
n=(p+pF)x —i(p; —pF*)y —4(p} +p}) e+ &(1) + 8, (12)
(Jj=12,...,N)

_ = vk 1)|dolk, 1)
5,»(:)— (p +p,)j J_®k2+i(p,—p;*)k+p}"1’f

(13)
(j=1,2,...,N)
(p,—p)(pf —p¥) L .
exp(A k)—(p,+pk)(p, o0 (jk=1,2,...,N;j#k) (14)
. +ip; .
exp(laj)=m (j=1,2,...,N). (15)

Here, p, are complex parameters whose real parts are positive, 8; are real phase
constants, the asterisk denotes the complex conjugate and X, _, , indicates the summa-
tion over all possible combinations of u;=0,1, x,=0,1,..., un =0, 1.
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Explicitly for N=1, (10) and (11) are written as

fi=1+em (16)
g =1+e(n, +ia,). (17)
The expressions for u and ¢ are given by using (5) and (6) in the form
u=3(p,+pt ) Sechz(m/2) (18)
1+exp(n, tia,)

¢ = ¢o expli(kx +k’y]) (19)

1+e™
We note here that the functional form (18) is the same as that of the one-soliton
solution [9] of the KP equation, the only difference being the position of the soliton.
The solution (19) represents a soliton of dark type. The interaction of solitons can
easily be investigated by using (10)-(15) and it is found that the N-soliton solution
evolves asymptotically as t- + into N plane-wave-like solitons. However, the
dynamics of solitons change from those of the usual kP solitons due to the coupling
between u and ¢. The detailed description of the interaction process will be reported
in a subsequent paper.

Next, we show that various known equations arise from our system by the appropri-
ate choices of parameters included in problems under consideration and discuss their
soliton solutions. The four interesting cases are considered below.

(i) Mel'nikov equation.

We put v(k, t) = k8(k — k) in (1), which corresponds to take account of a monochro-
matic short wave instead of a wavepacket. Performing the integral over k yields the
Mel'nikov equation for which various types of solutions have been presented [1-3, 10].

(ii) xDV equation with a source.
This system arises by introducing new variables ¢ by

¢ =exp(ik’ys) (20)

and neglecting the y-dependence. Then, (1) and (2) reduce, after integrating (1) once
with respect to x, to the system of equations

u,+6un, +u,, = —Jw dk v(k, 1)(|é]%), (21)

buxt(ut+k?)d=0 (22)

which is nothing but the xbv equation with a source [4-6]. The N-soliton solutions
readily follow from our solutions by taking p; real, i.e,, p;=pF(j=1,2,..., N). The
expressions corresponding to (12)-(15) read as follows:

n;=2px —8pjt+&(1)+ 6, (j=12,...,N) (23)

t «© ’ ni2
s=p, [ ar [ 2k Aok Ger2.0M) (24)
wian=(22) k=12 MR R 25)
exp(ia;) = —+—1§f (G=1,2,.... N). (26)

(iii) Boussinesq equation with a source.
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If we introduce new independent variables ¢ 7 and 7 by
E=x+t n=y =t (27)

and neglect the r-dependence, (1) and (2) are transformed into the form

o

dk v(k)(|¢]%) e (28)

id, = ¢+ ug. (29)
Regarding n and ¢ as the time and space variables respectively, one arrives at the
Boussinesq equation with a source. Since the N-soliton solutions should not depend
on 7, we require that the coefficient of = in n; (j=1,2,..., N) vanishes identically,
which is equivalent to imposing the conditions

1 J’°° v(k)|do(k)I?

2_p¥p +p*+1——
4(p;—pFp+r) 2 ) o K +i(p—pFk+plp

(j=1,2,...,N). (30)

The real part of p; is then related to its imaginary part, yielding the N independent
amplitude parameter. It is interesting to remark that the system with v(k)=«k8(k — k,)
coincides with a system of equations proposed by Hase and Satsuma [11].

Mg+ (6UUL ) + Uggge — By, = — J.

k=0

(iv) Generalized Karpman equations. .
Introduce new scaled variables X, 4, k and p; by

x=¢"'% u=e’i k=ck p;=p¥=cp, (j=12,...,N) (31

together with (20), substituting these into (1) and (2) and neglecting the y-dependence,
we obtain in the limit of e >0

Q= j dkv(E, (P (32)

$ect(d+E)d=0 (33)
which are the generalized Karpman equations introduced by Kaup [12, 13] to describe
caviton formation in a plasma. The k integral in (32) represents the cumulative
pondermotive effect caused by a spectrum of incoherent and/or turbulent sources. The
n-soliton solutions of (32) and (33), when expressed in terms of the new variables
(31), take the same forms as those for the KDV equation with a source (see (23)-(26))
except that the phase factors 7, are replaced by 7, =2pX+ ¢(1) + §;. These solutions
reproduce those obtained by Kaup using the inverse scattering method [12, 13].

In this letter, we have proposed a system of equations (1) and (2), and found
explicit N-soliton solutions under a vanishing boundary condition for a long wave,
and a non-vanishing one for a wavepacket of short waves. It has been shown that our
system of equations exhibits a new aspect of soliton interactions in 2+ 1 dimensions
and it also includes various physical systems as special cases. From the mathematical
point of view, on the other hand, we can generalize (1) such that the left-hand side
of (1) becomes the first member of the kp hierarchy [14]. The corresponding bilinear
equation would take the form

[Der+Pn(Dxa Dya D PR )]fN'fN

~—

= ‘J- dk v|dol*(Ignl* = 1) (n=1,2,.... (34)
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where P,(x, y, z,...) are certain polynomials of x, y, z,..., the first two of which are
given by P, =x*—3y? and P,=x’y+2yz. One can construct N-soliton solutions of (8)
and (34) on the basis of the general theory of ihe kp equation {14]. The result is quite
simple. The functional forms of N-soliton solutions are the same as those of (1) and
(2) except that the phase factors (12) are slightly modified. Hence, the N-soliton
solutions of corresponding hierarchies of equations metnioned in (i)-(iv) also follow
from ours by appropriate reductions.

The author wishes to thank Professor M Nishioka for continual encouragement.
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